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This is the basis for graphical perspective. If viewed from the same spot as the windowpane was painted, the
painted image would be identical to what was seen through the unpainted window. Each painted object in the
scene is thus a flat, scaled down version of the object on the other side of the window. All perspective
drawings assume the viewer is a certain distance away from the drawing. Objects are scaled relative to that
viewer. An object is often not scaled evenly: This distortion is referred to as foreshortening. Perspective
drawings have a horizon line, which is often implied. They have shrunk, in the distance, to the infinitesimal
thickness of a line. Any perspective representation of a scene that includes parallel lines has one or more
vanishing points in a perspective drawing. This is the standard "receding railroad tracks" phenomenon. A
two-point drawing would have lines parallel to two different angles. Any number of vanishing points are
possible in a drawing, one for each set of parallel lines that are at an angle relative to the plane of the drawing.
Perspectives consisting of many parallel lines are observed most often when drawing architecture architecture
frequently uses lines parallel to the x, y, and z axes. Because it is rare to have a scene consisting solely of lines
parallel to the three Cartesian axes x, y, and z , it is rare to see perspectives in practice with only one, two, or
three vanishing points; even a simple house frequently has a peaked roof which results in a minimum of six
sets of parallel lines, in turn corresponding to up to six vanishing points. In contrast, natural scenes often do
not have any sets of parallel lines and thus no vanishing points. Early history[ edit ] The earliest art paintings
and drawings typically sized many objects and characters hierarchically according to their spiritual or thematic
importance, not their distance from the viewer, and did not use foreshortening. The most important figures are
often shown as the highest in a composition, also from hieratic motives, leading to the so-called "vertical
perspective", common in the art of Ancient Egypt , where a group of "nearer" figures are shown below the
larger figure or figures. The only method to indicate the relative position of elements in the composition was
by overlapping, of which much use is made in works like the Parthenon Marbles. It is not certain how they
came to use the technique; some authorities suggest that the Chinese acquired the technique from India, which
acquired it from Ancient Rome. Alcibiades had paintings in his house designed using skenographia, so this art
was not confined merely to the stage. Codex Amiatinus 7th century. Portrait, of Ezra, from folio 5r at the start
of Old Testament By the later periods of antiquity, artists, especially those in less popular traditions, were well
aware that distant objects could be shown smaller than those close at hand for increased realism, but whether
this convention was actually used in a work depended on many factors. Some of the paintings found in the
ruins of Pompeii show a remarkable realism and perspective for their time. Hardly any of the many works
where such a system would have been used have survived. A passage in Philostratus suggests that classical
artists and theorists thought in terms of "circles" at equal distance from the viewer, like a classical
semi-circular theatre seen from the stage. The art of the new cultures of the Migration Period had no tradition
of attempting compositions of large numbers of figures and Early Medieval art was slow and inconsistent in
relearning the convention from classical models, though the process can be seen underway in Carolingian art.
Society of Antiquaries Various paintings and drawings during the Middle Ages show amateur attempts at
projections of furniture, where parallel lines are successfully represented in isometric projection , or by non
parallel ones, but without a single vanishing point. Medieval artists in Europe, like those in the Islamic world
and China, were aware of the general principle of varying the relative size of elements according to distance,
but even more than classical art was perfectly ready to override it for other reasons. Buildings were often
shown obliquely according to a particular convention. The use and sophistication of attempts to convey
distance increased steadily during the period, but without a basis in a systematic theory. Byzantine art was also
aware of these principles, but also had the reverse perspective convention for the setting of principal figures.
Mathematics and art In about a contemporary of Ghiberti, Filippo Brunelleschi , demonstrated the geometrical
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method of perspective, used today by artists, by painting the outlines of various Florentine buildings onto a
mirror. According to Vasari , he then set up a demonstration of his painting of the Baptistery in the incomplete
doorway of the Duomo. He had the viewer look through a small hole on the back of the painting, facing the
Baptistery. He would then set up a mirror, facing the viewer, which reflected his painting. To the viewer, the
painting of the Baptistery and the building itself were nearly indistinguishable. Drawing by Federico Zuccari ,
Soon after, nearly every artist in Florence and in Italy used geometrical perspective in their paintings, [10]
notably Paolo Uccello , Masolino da Panicale and Donatello. Donatello started sculpting elaborate
checkerboard floors into the simple manger portrayed in the birth of Christ. Although hardly historically
accurate, these checkerboard floors obeyed the primary laws of geometrical perspective: This became an
integral part of Quattrocento art. Not only was perspective a way of showing depth, it was also a new method
of composing a painting. Paintings began to show a single, unified scene, rather than a combination of several.
As shown by the quick proliferation of accurate perspective paintings in Florence, Brunelleschi likely
understood with help from his friend the mathematician Toscanelli , [11] but did not publish, the mathematics
behind perspective. He was then able to calculate the apparent height of a distant object using two similar
triangles. The mathematics behind similar triangles is relatively simple, having been long ago formulated by
Euclid. The bottom of this triangle is the distance from the viewer to the wall. The height of the second
triangle can then be determined through a simple ratio, as proven by Euclid. Alberti had limited himself to
figures on the ground plane and giving an overall basis for perspective. Della Francesca fleshed it out,
explicitly covering solids in any area of the picture plane. Della Francesca was also the first to accurately draw
the Platonic solids as they would appear in perspective. However he achieved very subtle effects by
manipulations of scale in his interiors. Gradually, and partly through the movement of academies of the arts,
the Italian techniques became part of the training of artists across Europe, and later other parts of the world.
The culmination of these Renaissance traditions finds its ultimate synthesis in the research of the 17th century
architect, geometer, and optician Girard Desargues on perspective, optics and projective geometry. Further
advances in projective geometry , in the 19th and 20th centuries, led to the development of analytic geometry ,
algebraic geometry , relativity and quantum mechanics. Like the painter, the computer program is generally
not concerned with every ray of light that is in a scene. Instead, the program simulates rays of light traveling
backwards from the monitor one for every pixel , and checks to see what it hits. In this way, the program does
not have to compute the trajectories of millions of rays of light that pass from a light source, hit an object, and
miss the viewer. The problem of perspective is simply finding the corresponding coordinates on the plane
corresponding to the points in the scene. By the theories of linear algebra, a matrix multiplication directly
computes the desired coordinates, thus bypassing any descriptive geometry theorems used in perspective
drawing. Types[ edit ] Of the many types of perspective drawings, the most common categorizations of
artificial perspective are one-, two- and three-point. The names of these categories refer to the number of
vanishing points in the perspective drawing. One-point perspective[ edit ] One-point perspective A drawing
has one-point perspective when it contains only one vanishing point on the horizon line. This type of
perspective is typically used for images of roads, railway tracks, hallways, or buildings viewed so that the
front is directly facing the viewer. These parallel lines converge at the vanishing point. One-point perspective
exists when the picture plane is parallel to two axes of a rectilinear or Cartesian scene â€” a scene which is
composed entirely of linear elements that intersect only at right angles. If one axis is parallel with the picture
plane, then all elements are either parallel to the picture plane either horizontally or vertically or perpendicular
to it. All elements that are parallel to the picture plane are drawn as parallel lines. All elements that are
perpendicular to the picture plane converge at a single point a vanishing point on the horizon. Examples of
one-point perspective Two-point perspective A cube drawing using two-point perspective A drawing has
two-point perspective when it contains two vanishing points on the horizon line. In an illustration, these
vanishing points can be placed arbitrarily along the horizon. Two-point perspective can be used to draw the
same objects as one-point perspective, rotated: One point represents one set of parallel lines , the other point
represents the other. Seen from the corner, one wall of a house would recede towards one vanishing point
while the other wall recedes towards the opposite vanishing point. Two-point perspective exists when the
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painting plate is parallel to a Cartesian scene in one axis usually the z-axis but not to the other two axes. If the
scene being viewed consists solely of a cylinder sitting on a horizontal plane, no difference exists in the image
of the cylinder between a one-point and two-point perspective. Two-point perspective has one set of lines
parallel to the picture plane and two sets oblique to it. Parallel lines oblique to the picture plane converge to a
vanishing point, which means that this set-up will require two vanishing points. All three axes are oblique to
the picture plane; the three vanishing points are at the zenith, and on the horizon to the right and left.
Three-point perspective is often used for buildings seen from above or below. In addition to the two vanishing
points from before, one for each wall, there is now one for how the vertical lines of the walls recede. For an
object seen from above, this third vanishing point is below the ground. For an object seen from below, as
when the viewer looks up at a tall building, the third vanishing point is high in space. Each of the three
vanishing points corresponds with one of the three axes of the scene. One, two and three-point perspectives
appear to embody different forms of calculated perspective, and are generated by different methods.
Mathematically, however, all three are identical; the difference is merely in the relative orientation of the
rectilinear scene to the viewer. Four-point perspective[ edit ] Four-point perspective, also called infinite-point
perspective, is the curvilinear see curvilinear perspective variant of two-point perspective. This perspective
can be used with either a horizontal or a vertical horizon line: Like all other foreshortened variants of
perspective one-point to six-point perspectives , it starts off with a horizon line, followed by four equally
spaced vanishing points to delineate four vertical lines. The vanishing points made to create the curvilinear
orthogonals are thus made ad hoc on the four vertical lines placed on the opposite side of the horizon line. The
only dimension not foreshortened in this type of perspective is that of the rectilinear and parallel lines
perpendicular to the horizon line â€” similar to the vertical lines used in two-point perspective. One-point,
two-point, and three-point perspective are dependent on the structure of the scene being viewed. These only
exist for strict Cartesian rectilinear scenes. By inserting into a Cartesian scene a set of parallel lines that are
not parallel to any of the three axes of the scene, a new distinct vanishing point is created. Therefore, it is
possible to have an infinite-point perspective if the scene being viewed is not a Cartesian scene but instead
consists of infinite pairs of parallel lines, where each pair is not parallel to any other pair. Zero-point
perspective[ edit ] In its usual sense, zero-point perspective is not truly "zero-point". Rather, because
vanishing points exist only when parallel lines are present in the scene, a perspective with no vanishing points
"zero-point" perspective occurs if the viewer is observing a non-linear scene containing no parallel lines. This
is not to be confused with elevation , since a view without explicit vanishing points may still have been drawn
such that, there would have been vanishing points had there been parallel lines, and thus enjoy the sense of
depth as a perspective projection. On the other hand, parallel projection such as elevation can be approximated
by viewing the object in question from very far away, because projection lines from the point of view
approaches parallel when the point of view POV approaches infinity.
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