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1: Nonlinear partial differential equation - Wikipedia
See also Nonlinear partial differential equation, List of partial differential equation topics and List of nonlinear ordinary
differential equations.

Jump to navigation Jump to search "Nonlinear dynamics" redirects here. For the journal, see Nonlinear
Dynamics journal. This article is about "nonlinearity" in mathematics, physics and other sciences. For video
and film editing, see Non-linear editing system. For other uses, see Nonlinearity disambiguation. This article
includes a list of references , but its sources remain unclear because it has insufficient inline citations. Please
help to improve this article by introducing more precise citations. March Learn how and when to remove this
template message In mathematics and science , a nonlinear system is a system in which the change of the
output is not proportional to the change of the input. Typically, the behavior of a nonlinear system is described
in mathematics by a nonlinear system of equations, which is a set of simultaneous equations in which the
unknowns or the unknown functions in the case of differential equations appear as variables of a polynomial
of degree higher than one or in the argument of a function which is not a polynomial of degree one. In other
words, in a nonlinear system of equations, the equation s to be solved cannot be written as a linear
combination of the unknown variables or functions that appear in them. Systems can be defined as nonlinear,
regardless of whether known linear functions appear in the equations. In particular, a differential equation is
linear if it is linear in terms of the unknown function and its derivatives, even if nonlinear in terms of the other
variables appearing in it. As nonlinear dynamical equations are difficult to solve, nonlinear systems are
commonly approximated by linear equations linearization. This works well up to some accuracy and some
range for the input values, but some interesting phenomena such as solitons , chaos , [10] and singularities are
hidden by linearization. It follows that some aspects of the dynamic behavior of a nonlinear system can appear
to be counterintuitive, unpredictable or even chaotic. Although such chaotic behavior may resemble random
behavior, it is in fact not random. For example, some aspects of the weather are seen to be chaotic, where
simple changes in one part of the system produce complex effects throughout. This nonlinearity is one of the
reasons why accurate long-term forecasts are impossible with current technology. Some authors use the term
nonlinear science for the study of nonlinear systems. This is disputed by others: Using a term like nonlinear
science is like referring to the bulk of zoology as the study of non -elephant animals.
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2: Why can't there be a general theory of nonlinear PDE? - MathOverflow
'Nonlinear Partial Differential Equations' assumes the reader is already familiar with differential equations,so is not
suitable as an introduction to the subject. It is written at an advanced level, but concepts are very clearly spelled out.

Classical Cauchy problem Classical Cauchy problem: Procedure of solving the Cauchy problem The
procedure for solving the Cauchy problem 1 , 5 involves several steps. First, two independent integrals 3 of
the characteristic system 2 are determined. In the cases where first integrals 3 of the characteristic system 2
cannot be found using analytical methods, one should employ numerical methods to solve the Cauchy problem
1 , 5 or 1 , 6. Properties 2â€”5 are widely used for constructing solutions to problems governed by linear
PDEs. Examples of particular solutions to linear PDEs can be found in the subsections Heat equation and
Laplace equation below. Some Linear Equations Encountered in Applications Three basic types of linear
partial differential equations are distinguishedâ€”parabolic, hyperbolic, and elliptic for details, see below. The
solutions of the equations pertaining to each of the types have their own characteristic qualitative differences.
Heat equation a parabolic equation 1. Note that equation 11 contains only one highest derivative term.
Equation 11 is often encountered in the theory of heat and mass transfer. It describes one-dimensional
unsteady thermal processes in quiescent media or solids with constant thermal diffusivity. A similar equation
is used in studying corresponding one-dimensional unsteady mass-exchange processes with constant
diffusivity. Wave equation a hyperbolic equation 1. Note that the highest derivative terms in equation 12 differ
in sign. This equation is also known as the equation of vibration of a string. It is often encountered in
elasticity, aerodynamics, acoustics, and electrodynamics. Laplace equation an elliptic equation 1. Note that the
highest derivative terms in equation 14 have like signs. The Laplace equation is often encountered in heat and
mass transfer theory, fluid mechanics, elasticity, electrostatics, and other areas of mechanics and physics. For
example, in heat and mass transfer theory, this equation describes steady-state temperature distribution in the
absence of heat sources and sinks in the domain under study. A solution to the Laplace equation 14 is called a
harmonic function. Note some particular solutions of the Laplace equation A fairly general method for
constructing solutions to the Laplace equation 14 involves the following. Classification of Second-Order
Partial Differential Equations Types of equations Any semilinear partial differential equation of the
second-order with two independent variables 10 can be reduced, by appropriate manipulations, to a simpler
equation that has one of the three highest derivative combinations specified above in examples 11 , 12 , and
These integrals determine two different families of real characteristics. Apart from notation, the left-hand side
of the last equation coincides with that of the wave equation This follows from the fact that differential
equations have, as a rule, infinitely many particular solutions. The specific solution that describes the physical
phenomenon under study is separated from the set of particular solutions of the given differential equation by
means of the initial and boundary conditions. For simplicity and clarity of illustration, the basic problems of
mathematical physics will be presented for the simplest linear equations 11 , 12 , and 14 only. In addition, all
problems will be supplemented with some boundary conditions as given below. First boundary value problem.
A linear relationship between the unknown function and its derivatives are prescribed on the boundary: For
other linear heat equations, their exact solutions, and solutions to associated Cauchy problems and boundary
value problems, see Linear heat equations at EqWorld. In addition, appropriate boundary conditions, 19 , 20 ,
21 , or 22 , are imposed. Solutions to these boundary value problems for the wave equation can be obtained by
separation of variables Fourier method in the form of infinite series. Boundary value problems for elliptic
equations Setting boundary conditions for the first, second, and third boundary value problems for the Laplace
equation 14 means prescribing values of the unknown function, its first derivative, and a linear combination of
the unknown function and its derivative, respectively. For elliptic equations, the first boundary value problem
is often called the Dirichlet problem, and the second boundary value problem is called the Neumann problem.
For other linear elliptic equations, their exact solutions, and solutions to associated boundary value problems,
see Linear elliptic equations at EqWorld. Equation 28 is also called a heat equation with a nonlinear source.
Exact solutions to the Burgers equation can be obtained using the following formula Hopfâ€”Cole
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transformation: Equation 30 admits exact solutions in implicit form: Equation 30 can be reduced to a linear
equation see Polyanin and Zaitsev, Exact solutions involving one arbitrary function: General solution in
parametric form: Simplest Types of Exact Solutions of Nonlinear PDEs Preliminary remarks The following
classes of solutions are usually regarded as exact solutions to nonlinear partial differential equations of
mathematical physics: Solutions expressible in terms of elementary functions. Solutions expressed by
quadrature. Solutions described by ordinary differential equations or systems of ordinary differential
equations. The simplest types of exact solutions to nonlinear PDEs are traveling-wave solutions and
self-similar solutions. They often occur in various applications. Consequently, a Cartesian coordinate system
moving with a constant speed can be introduced in which the profile of the desired quantity is stationary. The
Cauchy problem for a nonlinear heat equation is stated as follows: The first boundary value problem for a
nonlinear wave equation as follows: Problems for nonlinear PDEs are normally solved using numerical
methods. Below are only a few important examples of such equations with some of their solutions. For
solutions to associated Cauchy problems and boundary value problems, see Equation of transverse vibration of
elastic rods at EqWorld. Complex form of representation of the general solution: In particular, the
mathematical modeling of moderate-amplitude shallow-water surface waves is based on this equation. For
exact solutions to this equation, see Kortewegâ€”de Vries equation at EqWorld. Equation of a steady laminar
boundary layer on a flat plate: For exact solutions, see Boundary layer equations at EqWorld. For exact
solutions, see Boussinesq equation at EqWorld. Equation of motion of a viscous fluid: Although analytical
solutions are exact, they also may not be available, simply because we do not know how to derive such
solutions. In this case, we may have to resort to an approximate solution. That is, we seek an analytical or
numerical approximation to the exact solution. Perturbation methods are an important subset of approximate
analytical methods. They may be applied if the problem involves small or large parameters, which are used for
constructing solutions in the form of asymptotic expansions. For books on perturbation methods , see Google
Book Search. These and other methods for PDEs are also outlined in Zwillinger Unlike exact and
approximate analytical methods, methods to compute numerical PDE solutions are in principle not limited by
the number or complexity of the PDEs. This generality combined with the availability of high performance
computers makes the calculation of numerical solutions feasible for a broad spectrum of PDEs such as the
Navierâ€”Stokes equations that are beyond analysis by analytical methods. The development and
implementation as computer codes of numerical methods or algorithms for PDE systems is a very active area
of research. Here we indicate in the external links just two readily available links to Scholarpedia. But we will
proceed with a numerical solution and use one of these analytical solutions to evaluate the numerical solution.
To compute a solution to Eq. Alternatively, we could now discretize Eqs. For example, if we apply Eq. We
can now consider using Eq. The finite difference form of Eq. We must also specify two boundary conditions
BCs for Eq. Note that we have replaced the original PDE, Eq. Also, an analytical solution to Eq.
Representative output from this program that compares the numerical solution from Eqs. Numerical values of
parameters used in the program of Appendix 1 that produced the output of Table 1 Parameter.
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3: An ansatz for solving nonlinear partial differential equations in mathematical physics
In the case of complex-valued functions a non-linear partial differential equation is defined similarly. If one speaks, as a
rule, of a vectorial non-linear partial differential equation or of a system of non-linear partial differential equations.
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4: Partial differential equation - Scholarpedia
Nonlinear Partial Differential Equations: A Symposium on Methods of Solution is a collection of papers presented at the
seminar on methods of solution for nonlinear partial differential equations, held at the University of Delaware, Newark,
Delaware on December ,

Finland Distinguished Professor Nicola Fusco , professor Xiao Zhong group also has several PhD students
Research Nonlinear partial differential equations and their counterpart in stochastic game theory Principal
investigator: The interplay between linear PDEs and stochastics arises from the fact that harmonic functions
and martingales share a common origin in mean value properties. The linear theory has several real-world
applications such as mathematical option pricing and portfolio management, but the connection between PDEs
and probability has also been useful in several breakthroughs in pure mathematics, for example in the
celebrated regularity proof of Krylov and Safonov. A similar connection has recently been established in the
nonlinear theory: Since the equations are in nondivergence form, the solutions are understood in the viscosity
sense. We develop new techniques based on the interplay of PDEs and stochastic game theory. Our problems
are related to regularity, existence and uniqueness both for the value functions of the games as well as the
solutions of the PDEs. Shape Optimization Principal investigator: Vesa Julin By shape optimization, one
usually refers to problems in Calculus of Variations where the minimization problem is among sets, not
among functions. A classical example is the isoperimetric problem, which states that ball has the smallest
surface area among all sets with same volume. This problem was known already by the ancient Greeks but
was solved by an Italian mathematician E. Today we are trying to understand the stability of the well-known
isoperimetric and functional inequalities. We are interested to know what happens to the minimizer, say, of the
isoperimetric problem when there are additional external forces affecting the set. An example of a
much-studied model is the Ohta-Kawasaki functional, which is roughly the isoperimetric problem with an
additional Columbic-interaction among particles. This functional is a fundamental model in material and in
nuclear physics. Parabolic PDEs Principal investigators: Petri Juutinen and Mikko Parvianinen In order to
understand the dynamics of nature, we need to consider time evolution, which often leads to parabolic partial
differential equations. Perhaps the most well-known linear parabolic partial differential equation is the linear
heat equation. However, many applications lead to the nonlinear parabolic partial differential equations.
Further, nonlinear models intoduce new interesting phenomena from intrinsic behaviour to extinction in finite
time. We study normalised p-parabolic equations arising from stochastic game theory, degenerate and singular
p-parabolic type equations, limiting cases infinity parabolic equation, mean curvature flow equation ,
extensions to systems as well as the porous medium equation. The techniques needed to tackle the problems
are based on the viscosity solutions, distributional weak solutions, and stochastic game theory. Quasilinear
elliptic partial differential equations Principal investigator: A basic example is the p-Laplace operator which
adopts the position of the Laplace operator in the nonlinear theory. Nowadays, the main PDE problems
considered deal with p-Laplace type equations involving measures. Equations are interpreted in the sense of
distributions, but especially in the case of singular measures, one must carefully define what is meant by a
solution. There are three types of natural questions under research: In which function class the equation has a
unique solution for a given measure? If the measure is good, how large the unique solvability class may be?
Find reasonable estimates for solutions and their regularity? Concrete examples can be found for example in
the optimal shape design with non-elastic materials, landslide modeling, and brain and surface warping. A
great deal of research has been devoted to understanding the special case of the minimal Lipschitz extension
problem and the associated infinity Laplace equation. This problem can be approached by taking the limit as
of the problems of finding a minimal p-extension, and thus there is a natural connection with the theory of
p-Laplace type equations. However, the -variational problems differ from the classical ones in many respect,
and thus genuinely new methods and tools are needed in studying their properties.
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5: Partial Differential Equations - EqWorld
It is known that a semilinear wave equation with a bistable nonlinearity exhibits, for suitable initial data, an interface
whose evolution approximately sweeps out a timelike extremal surface in Minkowski space.

Methods for studying nonlinear partial differential equations[ edit ] Existence and uniqueness of solutions[
edit ] A fundamental question for any PDE is the existence and uniqueness of a solution for given boundary
conditions. For nonlinear equations these questions are in general very hard: Singularities[ edit ] The basic
questions about singularities their formation, propagation, and removal, and regularity of solutions are the
same as for linear PDE, but as usual much harder to study. In the linear case one can just use spaces of
distributions, but nonlinear PDEs are not usually defined on arbitrary distributions, so one replaces spaces of
distributions by refinements such as Sobolev spaces. An example of singularity formation is given by the
Ricci flow: Hamilton showed that while short time solutions exist, singularities will usually form after a finite
time. Linear approximation[ edit ] The solutions in a neighborhood of a known solution can sometimes be
studied by linearizing the PDE around the solution. This corresponds to studying the tangent space of a point
of the moduli space of all solutions. Moduli space of solutions[ edit ] Ideally one would like to describe the
moduli space of all solutions explicitly, and for some very special PDEs this is possible. In general this is a
hopeless problem: If the equation has a very large symmetry group, then one is usually only interested in the
moduli space of solutions modulo the symmetry group, and this is sometimes a finite-dimensional compact
manifold, possibly with singularities; for example, this happens in the case of the Seibergâ€”Witten equations.
A slightly more complicated case is the self dual Yangâ€”Mills equations, when the moduli space is
finite-dimensional but not necessarily compact, though it can often be compactified explicitly. Another case
when one can sometimes hope to describe all solutions is the case of completely integrable models, when
solutions are sometimes a sort of superposition of solitons ; this happens e. Exact solutions[ edit ] It is often
possible to write down some special solutions explicitly in terms of elementary functions though it is rarely
possible to describe all solutions like this. One way of finding such explicit solutions is to reduce the equations
to equations of lower dimension, preferably ordinary differential equations, which can often be solved exactly.
This can sometimes be done using separation of variables , or by looking for highly symmetric solutions.
Some equations have several different exact solutions. Numerical partial differential equations Numerical
solution on a computer is almost the only method that can be used for getting information about arbitrary
systems of PDEs. There has been a lot of work done, but a lot of work still remains on solving certain systems
numerically, especially for the Navierâ€”Stokes and other equations related to weather prediction. If a system
of PDEs can be put into Lax pair form d.
6: List of nonlinear partial differential equations - Wikipedia
Nonlinear Partial Differential Equations and people, part error, Cimarron County, Oklahoma, North Dakota to Texas,
from the Mississippi River Valley to the Rockies. selected g errors theorist in the development.

7: Nonlinear Partial Differential Equations
In mathematics and physics, a nonlinear partial differential equation is a partial differential equation with nonlinear
www.enganchecubano.com describe many different physical systems, ranging from gravitation to fluid dynamics, and
have been used in mathematics to solve problems such as the PoincarÃ© conjecture and the Calabi conjecture.

8: Nonlinear Partial Differential Equations | Mathematical Congress of the Americas
The above Handbook of Nonlinear Partial Differential Equations contains many more equations and solutions than those
presented in this section of EqWorld. The EqWorld website presents extensive information on solutions to various
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classes of ordinary differential equations, partial differential equations, integral equations, functional.

9: Nonlinear PDEsâ€”Wolfram Language Documentation
The sources of partial differential equations are so many - physical, probabilistic, geometric etc. - that the subject is a
confederation of diverse subareas, each studying different phenomena for different nonlinear partial differential equation
by utterly different methods.
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