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1: Manifold - Wikipedia
Smooth manifolds have a rich set of invariants, coming from point-set topology, classic algebraic topology, and
geometric topology. The most familiar invariants, which are visible for surfaces, are orientability (a normal invariant, also
detected by homology) and genus (a homological invariant).

One is that it can be quite challenging to understand what a neural network is really doing. If one trains it well,
it achieves high quality results, but it is challenging to understand how it is doing so. If the network fails, it is
hard to understand what went wrong. While it is challenging to understand the behavior of deep neural
networks in general, it turns out to be much easier to explore low-dimensional deep neural networks â€”
networks that only have a few neurons in each layer. In fact, we can create visualizations to completely
understand the behavior and training of such networks. This perspective will allow us to gain deeper intuition
about the behavior of neural networks and observe a connection linking neural networks to an area of
mathematics called topology. A number of interesting things follow from this, including fundamental
lower-bounds on the complexity of a neural network capable of classifying certain datasets. The network will
learn to classify points as belonging to one or the other. The obvious way to visualize the behavior of a neural
network â€” or any classification algorithm, for that matter â€” is to simply look at how it classifies every
possible data point. Such a network simply tries to separate the two classes of data by dividing them with a
line. At the very least, they have one. Diagram of a simple network from Wikipedia As before, we can
visualize the behavior of this network by looking at what it does to different points in its domain. It separates
the data with a more complicated curve than a line. With each layer, the network transforms the data, creating
a new representation. When we get to the final representation, the network will just draw a line through the
data or, in higher dimensions, a hyperplane. You can think of that as us looking at the input layer. Now we
will look at it after it is transformed by the first layer. You can think of this as us looking at the hidden layer.
Each dimension corresponds to the firing of a neuron in the layer. The hidden layer learns a representation so
that the data is linearly separable Continuous Visualization of Layers In the approach outlined in the previous
section, we learn to understand networks by looking at the representation corresponding to each layer. This
gives us a discrete list of representations. The tricky part is in understanding how we go from one to another.
Thankfully, neural network layers have nice properties that make this very easy. There are a variety of
different kinds of layers used in neural networks. We will talk about tanh layers for a concrete example. We
can visualize this as a continuous transformation, as follows: The story is much the same for other standard
layers, consisting of an affine transformation followed by pointwise application of a monotone activation
function. We can apply this technique to understand more complicated networks. For example, the following
network classifies two spirals that are slightly entangled, using four hidden layers. While the spirals are
originally entangled, by the end they are linearly separable. On the other hand, the following network, also
using multiple layers, fails to classify two spirals that are more entangled. It is worth explicitly noting here that
these tasks are only somewhat challenging because we are using low-dimensional neural networks. If we were
using wider networks, all this would be quite easy. Andrej Karpathy has made a nice demo based on
ConvnetJS that allows you to interactively explore networks with this sort of visualization of training!
Topology of tanh Layers Each layer stretches and squishes space, but it never cuts, breaks, or folds it.
Intuitively, we can see that it preserves topological properties. For example, a set will be connected afterwards
if it was before and vice versa. Formally, they are bijections that are continuous functions both ways. Though
one needs to be careful about domain and range. Then it is a bijective linear function with a linear inverse.
Linear functions are continuous. Translations are homeomorphisms tanh and sigmoid and softplus but not
ReLU are continuous functions with continuous inverses. They are bijections if we are careful about the
domain and range we consider. It is impossible for a neural network to classify this dataset without having a
layer that has 3 or more hidden units, regardless of depth. With only two hidden units, a network is
topologically incapable of separating the data in this way, and doomed to failure on this dataset. In the
following visualization, we observe a hidden representation while a network trains, along with the
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classification line. As we watch, it struggles and flounders trying to learn a way to do this. In the end it gets
pulled into a rather unproductive local minimum. This example only had one hidden layer, but it would fail
regardless. But suppose it has a determinant of 0: The neural network learns the following representation:
With this representation, we can separate the datasets with a hyperplane. But if we use one with two units, we
learn to represent the data as a nice curve that allows us to separate the classes with a line: When the first one
fires, but not the second, we know that we are in A. The Manifold Hypothesis Is this relevant to real world
data sets, like image data? If you take the manifold hypothesis really seriously, I think it bears consideration.
The manifold hypothesis is that natural data forms lower-dimensional manifolds in its embedding space. There
are both theoretical 3 and experimental 4 reasons to believe this to be true. If you believe this, then the task of
a classification algorithm is fundamentally to separate a bunch of tangled manifolds. In the previous examples,
one class completely surrounded another. But there are other, more plausible topological situations that could
still pose an issue, as we will see in the next section. Links are studied in knot theory, an area of topology. A
relatively simple unlink. If a neural network using layers with only 3 units can classify it, then it is an unlink.
Can all unlinks be classified by a network with only 3 units, theoretically? In topology, we would call it an
ambient isotopy between the original link and the separated ones. Again, we consider each stage of the
network individually: The hardest part is the linear transformation. It would be interesting to know if neural
networks can beat whatever the state of the art is there. Apparently determining if knots are trivial is NP. It
seems plausible such things could exist in real world data. If we know a manifold can be embedded in
n-dimensional space, instead of the dimensionality of the manifold, what limit do we have? The Easy Way
Out The natural thing for a neural net to do, the very easy route, is to try and pull the manifolds apart naively
and stretch the parts that are tangled as thin as possible. It would present itself as very high derivatives on the
regions it is trying to stretch, and sharp near-discontinuities. We know these things happen. On the other hand,
if we only care about achieving good classification results, it seems like we might not care. If a tiny bit of the
data manifold is snagged on another manifold, is that a problem for us? It seems like we should be able to get
arbitrarily good classification results despite this issue. My intuition is that trying to cheat the problem like this
is a bad idea: Better Layers for Manipulating Manifolds? The more I think about standard neural network
layers â€” that is, with an affine transformation followed by a point-wise activation function â€” the more
disenchanted I feel. Perhaps it might make sense to have a very different kind of layer that we can use in
composition with more traditional ones? The thing that feels natural to me is to learn a vector field with the
direction we want to shift the manifold: And then deform space based on it: One could learn the vector field at
fixed points just take some fixed points from the training set to use as anchors and interpolate in some manner.
The vector field above is of the form: This is inspired a bit by radial basis functions. In some ways, it feels like
the natural thing to do would be to use k-nearest neighbors k-NN. I then dropped the final softmax layer and
used the k-NN algorithm. I was able to consistently achieve a reduction in test error of 0. As such, we can train
a network directly for k-NN classification. We want points of the same manifold to be closer than points of
others, as opposed to the manifolds being separable by a hyperplane. This should correspond to inflating the
space between manifolds for different categories and contracting the individual manifolds. It feels like
simplification. Conclusion Topological properties of data, such as links, may make it impossible to linearly
separate classes using low-dimensional networks, regardless of depth. Even in cases where it is technically
possible, such as spirals, it can be very challenging to do so. To accurately classify data with neural networks,
wide layers are sometimes necessary. Further, traditional neural network layers do not seem to be very good at
representing important manipulations of manifolds; even if we were to cleverly set weights by hand, it would
be challenging to compactly represent the transformations we want. New layers, specifically motivated by the
manifold perspective of machine learning, may be useful supplements.
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2: Geometry and topology of symplectic 4-manifolds
The branch of the theory of manifolds (cf. Manifold) concerned with the study of relations between different types of
manifolds. The most important types of finite-dimensional manifolds and relations between them are illustrated in (1).
The arrow expresses the fact that every -manifold has a handle.

Lie groups are manifolds endowed with a group structure. Any open subset of an n-manifold is an n-manifold
with the subspace topology. The disjoint union of a family of n-manifolds is a n-manifold the pieces must all
have the same dimension. The connected sum of two n-manifolds results in another n-manifold. Properties[
edit ] The property of being locally Euclidean is preserved by local homeomorphisms. That is, if X is locally
Euclidean of dimension n and f: In particular, being locally Euclidean is a topological property. Manifolds
inherit many of the local properties of Euclidean space. In particular, they are locally compact , locally
connected , first countable , locally contractible , and locally metrizable. Being locally compact Hausdorff
spaces, manifolds are necessarily Tychonoff spaces. Adding the Hausdorff condition can make several
properties become equivalent for a manifold. Indeed, a Hausdorff manifold is a locally compact Hausdorff
space, hence it is completely regular. These are just the connected components of M, which are open sets since
manifolds are locally-connected. Being locally path connected, a manifold is path-connected if and only if it is
connected. It follows that the path-components are the same as the components. The Hausdorff axiom[ edit ]
The Hausdorff property is not a local one; so even though Euclidean space is Hausdorff, a locally Euclidean
space need not be. It is true, however, that every locally Euclidean space is T1. An example of a
non-Hausdorff locally Euclidean space is the line with two origins. This space is created by replacing the
origin of the real line with two points, an open neighborhood of either of which includes all nonzero numbers
in some open interval centered at zero. This space is not Hausdorff because the two origins cannot be
separated. Compactness and countability axioms[ edit ] A manifold is metrizable if and only if it is
paracompact. Since metrizability is such a desirable property for a topological space, it is common to add
paracompactness to the definition of a manifold. In any case, non-paracompact manifolds are generally
regarded as pathological. An example of a non-paracompact manifold is given by the long line. Paracompact
manifolds have all the topological properties of metric spaces. In particular, they are perfectly normal
Hausdorff spaces. Manifolds are also commonly required to be second-countable. This is precisely the
condition required to ensure that the manifold embeds in some finite-dimensional Euclidean space. Every
second-countable manifold is paracompact, but not vice versa. However, the converse is nearly true: In
particular, a connected manifold is paracompact if and only if it is second-countable. Every second-countable
manifold is separable and paracompact. Moreover, if a manifold is separable and paracompact then it is also
second-countable. Every compact manifold is second-countable and paracompact. The dimension of a
non-empty n-manifold is n. Being an n-manifold is a topological property , meaning that any topological space
homeomorphic to an n-manifold is also an n-manifold. A 1-dimensional manifold is often called a curve while
a 2-dimensional manifold is called a surface. Higher-dimensional manifolds are usually just called
n-manifolds. Coordinate charts[ edit ] By definition, every point of a locally Euclidean space has a
neighborhood homeomorphic to an open subset of Rn. Such neighborhoods are called Euclidean
neighborhoods. It follows from invariance of domain that Euclidean neighborhoods are always open sets. One
can always find Euclidean neighborhoods that are homeomorphic to "nice" open sets in Rn. Indeed, a space M
is locally Euclidean if and only if either of the following equivalent conditions holds: A Euclidean
neighborhood homeomorphic to an open ball in Rn is called a Euclidean ball. Euclidean balls form a basis for
the topology of a locally Euclidean space. A space M is locally Euclidean if and only if it can be covered by
Euclidean neighborhoods. A set of Euclidean neighborhoods that cover M, together with their coordinate
charts, is called an atlas on M. The terminology comes from an analogy with cartography whereby a spherical
globe can be described by an atlas of flat maps or charts. Such a map is a homeomorphism between open
subsets of Rn. That is, coordinate charts agree on overlaps up to homeomorphism. Different types of
manifolds can be defined by placing restrictions on types of transition maps allowed. For example, for
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differentiable manifolds the transition maps are required to be diffeomorphisms. Classification of manifolds[
edit ] Main article: Discrete space A 0-manifold is just a discrete space. Such spaces are classified by their
cardinality. Every discrete space is paracompact. A discrete space is second-countable if and only if it is
countable. The unconnected ones are just disjoint unions of these.
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3: Neural Networks, Manifolds, and Topology -- colah's blog
In topology, a branch of mathematics, a topological manifold is a topological space (which may also be a separated
space) which locally resembles real n-dimensional space in a sense defined below.

Tea and refreshments will be served in the lounge area next to LGRT Titles and abstracts David Gay
Symplectic trisections Trisections are to 4-manifolds as Heegaard splittings are to 3-manifolds. All this
suggests that the next step forward is a proper notion of a symplectic trisection, and this talk will discuss
progress in that direction. Georgios Dimitroglou Rizell The classification of monotone Lagrangian tori in a
four-dimensional symplectic vectorspace We prove that there are exactly two monotone Lagrangian tori in a
four-dimensional symplectic vectorspace up to Hamiltonian isotopy and rescaling: This is shown by, first,
finding a singular symplectic conic linking the torus appropriately and, second, applying a classification result
for homotopically non-trivial Lagrangian tori inside the cotangent bundle of a two-torus. The latter result
follows using methods due to Ivrii. That is, for every positive integer k, there should be a canonical algorithm
that takes a Lefschetz pencil and returns another Lefschetz pencil on the same symplectic manifold, such that
the fiber homology class of the new pencil is k times that of the old one. We will discuss preliminary research
aimed at understanding what this algorithm is doing, and how it might generalize to arbitrary k. Tian-Jun Li
Curve configurations in symplectic 4-manifolds We investigate the notion of symplectic divisorial
compactification for symplectic 4-manifolds with concave or convex boundary, which is motivated by the
notion of compactifying divisors in algebraic geometry. For this purpose we systematically analyze the local
contact geometry of curve configurations. This is joint work with Cheuk Yu Mak. Latschev and Wendl
defined "algebraic torsion" for contact structures in the context of symplectic field theory. Given an open book
decomposition and a basis of arcs, we define a relative filtration on the corresponding Heegaard Floer chain
complex and a non-negative integer quantity associated to this data. Although this conjecture is false, it does
hold if one replaces the augmentation category with a closely related variant. In this talk, I will describe this
category and some of its properties and outline the proof of equivalence. Laura Starkston Symplectic
embeddings and mapping class monoid relations For certain contact 3-manifolds supported by a planar open
book decomposition, there are two ways of constructing and classifying symplectic fillings whose boundary is
that contact 3-manifold. One way involves understanding factorizations of the monodromy of the open book
into positive Dehn twists. The other way is to look at embeddings of concave neighborhoods of a collection of
symplectic surfaces into a well understood rational symplectic 4-manifold. Depending on the bounding contact
3-manifold, each of these methods has different strengths and data from one method can provide information
about the other. Therefore it is very useful to understand how to translate the information coming from
symplectic surface embeddings to mapping class group relations or vice versa. The goal of this talk will be to
discuss some correspondences between these two methods in large classes of examples, where the boundary
3-manifold is Seifert fibered over the 2-sphere. Stefano Vidussi Some remarks on virtual properties of Kaehler
groups It is known that there is no infinite, finitely presented group that is simultaneously the fundamental
group of a Kaehler manifold and of a closed 3-manifold. Chris Wendl Spine removal surgery and its
applications Spine removal surgery is a topological operation that can be performed on contact manifolds
presented as spinal open books, a generalized notion of open books which arise naturally on boundaries of
Lefschetz fibrations over Liouville domains. I will first explain how this operation is defined and why it gives
rise to a non-exact symplectic cobordism. Then I will illustrate it with applications, some new, and some that
are old but not normally viewed from this perspective, including: Sai-Kee Yeung Geometric and topological
aspects of fake projective planes and finite groups The purpose of the talk is to explain some geometric and
topological results related to fake projective planes, which were classified recently in the work Prasad-Yeung
and Cartwright-Steer. Aspects to be discussed include examples of exotic fourfolds arising from fake
projective planes, a conjecture related to vanishing theorems on fake projective planes, and an open problem
related to surfaces of maximal canonical degree. We would explain the role of finite group actions in such
problems.
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4: Topology of Manifolds: interactions between high and low dimensions | MATRIX
The historical background of this work is sketched in Chapter I, section 6, and need not be repeated here. It should,
however, be complemented by certain remarks of a more personal nature, particularly as regards the author's
indebtedness to his mathematical colleagues. It has become more or less.

Topology Topology is concerned with the intrinsic properties of shapes of spaces. One class of spaces which
plays a central role in mathematics, and whose topology is extensively studied, are the n dimensional
manifolds. These are spaces which locally look like Euclidean n-dimensional space. Historically, topology has
been a nexus point where algebraic geometry, differential geometry and partial differential equations meet and
influence each other, influence topology, and are influenced by topology. More recently, topology and
differential geometry have provided the language in which to formulate much of modern theoretical high
energy physics. This interaction has brought topology, and mathematics more generally, a whole host of new
questions and ideas. Because of its central place in a broad spectrum of mathematics there has always been a
great deal of interaction between work in topology and work in these neighboring disciplines. That is true of
the topology group at Columbia, which has enjoyed a close connection with the algebraic geometry group, the
geometric PDE group, and the mathematical physics group at Columbia. In addition to close connection to the
other research groups, our topology group also enjoys close collaboration with the symplectic geometers at
Stony Brook and Courant, running a thrice-per-semester joint symplectic geometry seminar. Ironically, in
topology, the case of manifolds of dimensions 3 and 4, the physical dimensions in which we live, has eluded
undestanding for the longest time. Low-dimensional topology is currently a very active part of mathematics,
benefiting greatly from its interactions with the fields of partial differential equations, differential geometry,
algebraic geometry, modern physics, representation theory, number theory, and algebra. Specifically, Thurston
conjectured that every three-manifold can be decomposed canonically into pieces, each of which can be
endowed with one of eight possible geometries. In view of the foundational results of Freedman,
understanding manifolds up to their topological equivalence is a theory which is similar in character to the
higher-dimensional manifold theory. However, the theory of differentiable four-manifolds is quite different.
The subject was fundamentally transformed by the pioneering work of Simon Donaldson, who was studying
moduli spaces of solutions to certain partial differential equations which came from mathematical physics.
Studying algebro-topological properties of these moduli spaces, Donaldson came up with very interesting
smooth invariants for four-manifolds which demonstrated the unique and elusive character of smooth
four-manifold topology. Since then, the study of four-manifolds and their invariants has undergone several
further exciting developments, tying them deeply with ideas from symplectic geometry and
pseudo-holomorphic curves, and hence forming further bridges with algebraic and symplectic geometry, but
also connecting them more closely with knot theory and three-manifold topology. Topology at Columbia
University has enjoyed a long tradition. There are also a number of junior faculty, post-doctoral researchers
and frequent visitors. The topology group has a number of informal student seminars, a regular Topology
seminar , and also a gauge theory seminar which meets on Fridays.
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5: Topology of Manifolds : R.L. Wilder :
This course is an introduction to several basic topological invariants for manifolds. Major topics are: differentiable
manifolds and maps, Sard's Theorem, degree of maps, fundamental group, covering space, homology group.

Tea and refreshments will be served in the lounge area next to LGRT Titles and abstracts John Baldwin
Khovanov homology detects the trefoil In , Kronheimer and Mrowka proved that Khovanov homology detects
the unknot, answering a "categorified" version of the famous open question: Does the Jones polynomial detect
the unknot? An even more difficult question is: Does the Jones polynomial detects the trefoils? The goal of
this talk is to outline our proof that Khovanov homology detects the trefoils, answering a "categorified"
version of this second question. More surprising, however, is that it also hinges fundamentally on several ideas
from contact and symplectic geometry. This is joint work with Steven Sivek. Aliakbar Daemi Instantons and
homology cobordism group The set of 3-manifolds with the same homology as the 3-dimensional sphere,
modulo an equivalence relation called "homology cobordance", forms a group. The additive structure of this
group is given by taking connected sum. This group is called the "homology cobordism group" and plays a
special role in low dimensional topology and knot theory. In this talk, I will explain how instantons can be
used to construct a family of invariants of the homology cobordism group. I will also talk about some
topological applications. A corollary of the classification is that 1-bridge braids in these manifolds admit
non-trivial L-space surgeries. This is joint work with Sam Lewallen and Faramarz Vafaee. Henry Horton
Symplectic instanton homology: Time permitting, we will indicate how for link surgeries there is more
generally a spectral sequence of symplectic instanton homologies, which gives a relationship to reduced
Khovanov homology when applied to the branched double cover of a link. Jianfeng Lin The Seiberg-Witten
equations on end-periodic manifolds and positive scalar curvature metrics It is an open question which
4-manifolds admit metrics of positive scalar curvature. In this talk, I will introduce a new obstruction for
existence of such metric on compact 4-manifolds with the same homology as the circle cross 3-sphere. The
main tool is the Seiberg-Witten equations on end-periodic manifolds. For instance, we show that an essential
2-sphere S in the boundary of a simply connected 4-manifold W such that S is null-homotopic in W need not
extend to an embedding of a ball in W. However, if W is simply connected or more generally, has abelian
fundamental group with boundary a homology sphere, then S bounds a topologically embedded ball in W.
Moreover, we give examples where such an S does not bound any smoothly embedded ball in W. We give
similar results for tori: Moreover, we construct an incompressible torus T in the boundary of a contractible
4-manifold W such that T extends to a topological embedding of a solid torus in W but no smooth embedding.
This is joint work with Danny Ruberman. This machinery gives an intersection-theoretic version of the box
tensor product underpinning the pairing theorem of Lipshitz-Ozsvath-Thurston that is essential for
cut-and-paste techniques in Heegaard Floer theory. The goal of the talk will be to outline the background and
motivation for, as well as some of the applications of, these new tools. Biji Wong Equivariant corks and
Heegaard Floer homology A cork is a contractible smooth 4-manifold with an involution on its boundary that
does not extend to a diffeomorphism of the entire manifold. Corks can be used to detect exotic structures; in
fact any two smooth structures on a closed simply-connected 4-manifold are related by a cork twist. Recently,
Auckly-Kim-Melvin-Ruberman showed that for any finite subgroup G of SO 4 there exists a contractible
4-manifold with an effective G-action on its boundary so that the twists associated to the non-trivial elements
of G do not extend to diffeomorphisms of the entire manifold. We use Heegaard Floer techniques originating
in work of Akbulut-Karakurt to give a different proof of this phenomenon. Michael Wong An unoriented skein
relation for tangle Floer homology Although the Alexander polynomial does not satisfy an unoriented skein
relation, Manolescu showed that knot Floer homology satisfies an unoriented skein exact triangle. This is joint
work with Ina Petkova. Boyu Zhang A monopole invariant for foliations without transverse invariant measure
The question about the existence and flexibility of taut foliations on three manifolds has been studied for
decades. Floer-theoretical obstructions for the existence of taut foliations on rational homology spheres have
been obtained by Kronheimer, Mrowka, Ozsvath, and Szabo. Recently, Vogel and Bowden constructed
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examples of taut foliations that are homotopic as distributions but can not be deformed to each other through
taut foliations. In this talk we will propose a different approach. Instead of perturbing the foliation to a contact
structure, we directly study a symplectization of the foliation itself, which will give to a canonically defined
element in the monopoe Floer homology. It turns out that this element can shed some light on the question of
existence and flexibility of taut foliations.
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6: Floer homologies and topology of 4-manifolds
Manifolds/Categories of Manifolds â†’ The surface of a sphere and a 2-dimensional plane, both existing in some
3-dimensional space, are examples of what one would call surfaces. A topological manifold is the generalisation of this
concept of a surface.

For topological or differentiable manifolds, one can also ask that every point have a neighborhood
homeomorphic to all of Euclidean space as this is diffeomorphic to the unit ball , but this cannot be done for
complex manifolds , as the complex unit ball is not holomorphic to complex space. Generally manifolds are
taken to have a fixed dimension the space must be locally homeomorphic to a fixed n-ball , and such a space is
called an n-manifold; however, some authors admit manifolds where different points can have different
dimensions. For example, the sphere has a constant dimension of 2 and is therefore a pure manifold whereas
the disjoint union of a sphere and a line in three-dimensional space is not a pure manifold. Since dimension is
a local invariant i. Scheme-theoretically , a manifold is a locally ringed space , whose structure sheaf is locally
isomorphic to the sheaf of continuous or differentiable, or complex-analytic, etc. This definition is mostly used
when discussing analytic manifolds in algebraic geometry. Charts, atlases, and transition maps[ edit ] See also:
Differentiable manifold The spherical Earth is navigated using flat maps or charts, collected in an atlas.
Similarly, a differentiable manifold can be described using mathematical maps , called coordinate charts,
collected in a mathematical atlas. It is not generally possible to describe a manifold with just one chart,
because the global structure of the manifold is different from the simple structure of the charts. When a
manifold is constructed from multiple overlapping charts, the regions where they overlap carry information
essential to understanding the global structure. Coordinate chart A coordinate map, a coordinate chart, or
simply a chart, of a manifold is an invertible map between a subset of the manifold and a simple space such
that both the map and its inverse preserve the desired structure. This structure is preserved by
homeomorphisms , invertible maps that are continuous in both directions. In the case of a differentiable
manifold , a set of charts called an atlas allows us to do calculus on manifolds. Polar coordinates , for example,
form a chart for the plane R2 minus the positive x-axis and the origin. Atlas topology The description of most
manifolds requires more than one chart a single chart is adequate for only the simplest manifolds. A specific
collection of charts which covers a manifold is called an atlas. An atlas is not unique as all manifolds can be
covered multiple ways using different combinations of charts. Two atlases are said to be equivalent if their
union is also an atlas. The atlas containing all possible charts consistent with a given atlas is called the
maximal atlas i. Unlike an ordinary atlas, the maximal atlas of a given manifold is unique. Though it is useful
for definitions, it is an abstract object and not used directly e. Transition maps[ edit ] Charts in an atlas may
overlap and a single point of a manifold may be represented in several charts. If two charts overlap, parts of
them represent the same region of the manifold, just as a map of Europe and a map of Asia may both contain
Moscow. Given two overlapping charts, a transition function can be defined which goes from an open ball in
Rn to the manifold and then back to another or perhaps the same open ball in Rn. The resultant map, like the
map T in the circle example above, is called a change of coordinates, a coordinate transformation, a transition
function, or a transition map. Additional structure[ edit ] An atlas can also be used to define additional
structure on the manifold. The structure is first defined on each chart separately. If all the transition maps are
compatible with this structure, the structure transfers to the manifold. This is the standard way differentiable
manifolds are defined. If the transition functions of an atlas for a topological manifold preserve the natural
differential structure of Rn that is, if they are diffeomorphisms , the differential structure transfers to the
manifold and turns it into a differentiable manifold. Complex manifolds are introduced in an analogous way
by requiring that the transition functions of an atlas are holomorphic functions. For symplectic manifolds , the
transition functions must be symplectomorphisms. The structure on the manifold depends on the atlas, but
sometimes different atlases can be said to give rise to the same structure. Such atlases are called compatible.
These notions are made precise in general through the use of pseudogroups. Manifold with boundary[ edit ]
See also: For example, a sheet of paper is a 2-manifold with a 1-dimensional boundary. A disk circle plus

Page 9

TOPOLOGY OF MANIFOLDS; pdf
interior is a 2-manifold with boundary. Its boundary is a circle, a 1-manifold. A square with interior is also a
2-manifold with boundary. A ball sphere plus interior is a 3-manifold with boundary. Its boundary is a sphere,
a 2-manifold. See also Boundary topology. In technical language, a manifold with boundary is a space
containing both interior points and boundary points. Boundary and interior[ edit ] Let M be a manifold with
boundary. The interior of M, denoted Int M, is the set of points in M which have neighborhoods
homeomorphic to an open subset of Rn. Construction[ edit ] A single manifold can be constructed in different
ways, each stressing a different aspect of the manifold, thereby leading to a slightly different viewpoint.
Charts[ edit ] The chart maps the part of the sphere with positive z coordinate to a disc. Perhaps the simplest
way to construct a manifold is the one used in the example above of the circle. First, a subset of R2 is
identified, and then an atlas covering this subset is constructed. The concept of manifold grew historically
from constructions like this. Here is another example, applying this method to the construction of a sphere:
Sphere with charts[ edit ] A sphere can be treated in almost the same way as the circle. In mathematics a
sphere is just the surface not the solid interior , which can be defined as a subset of R3:
7: Topology of Manifolds | CUHK Mathematics
Note: Citations are based on reference standards. However, formatting rules can vary widely between applications and
fields of interest or study. The specific requirements or preferences of your reviewing publisher, classroom teacher,
institution or organization should be applied.

8: Topological manifold - Wikipedia
Created Date: 2/18/ PM.

9: Department of Mathematics at Columbia University - Topology
Goals. The aim of this 2-day conference is to bring together active researchers in Floer homology and topology of
4-manifolds, and provide a panorama of the field through a variety of talks and discussions.
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